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We apply the strategy of the back action evading measurement of a quadrature component of
mechanical motion of a test mass to detection of a classical force acting on the mass [1] and study
both classical and quantum limitations of the technique. We are considering a resonant displacement
transducer interrogated with a dichromatic optical pump as a model system in this study. The
transducer is represented by a Fabry Perot cavity with a totally reflecting movable end mirror
the resonant force of interest acts upon. The cavity is pumped with two coherent optical carriers
equally detuned from one of the cavity resonances. We show that the quantum back action cannot
be completely excluded from the measurement result due to the dynamic instability of the opto-
mechanical system that either limits the allowable power of the optical pump or calls for introducing
an asymmetry to the pump configuration destroying the quantum nondemolition nature of the
measurement.
I. INTRODUCTION
Opto-mechanical systems [2, 3] are utilized in high pre-
cision measurements including gravitational wave detec-
tion [4–6], torque sensing [7], magnetometery [8], and
intracavity photon number as well as optical quadrature
component detection [9, 10]. The maximum sensitivity
of the measurements is fundamentally limited because of
the quantum noise as well as quantum uncertainty as-
sociated with the optical as well as mechanical degrees
of freedom. Namely, uncertainty of the initial coordi-
nate and momentum of the mechanical degree of freedom
limits the accuracy of the measurement of the mechani-
cal coordinate. The quantum noise of the optical probe
adds to the measurement error directly via transfer to
the classical meter noise as well as via quantum back
action disturbing the mechanical system [10–12]. The
impact of the quantum noise can be reduced by select-
ing an optimal measurement strategy. For instance, it is
possible to exclude the effect of the quantum uncertainty
of initial conditions on the measurement sensitivity in
the case of classical force detection [10, 11]. It is also
possible to avoid quantum back action in the variational
measurements [12]. As such, the number of known back
action avoiding measurement techniques is limited and
it is fundamentally important not only to find strategies
resulting in the increase of the measurement sensitivity
beyond the boundaries introduced by the quantum effects
but also to understand fundamental restrictions of the ex-
isting strategies. In this paper we adopt the technique of
back action evading measurement of a quadrature com-
ponent of a mechanical oscillator originally proposed by
Vladimir Braginsky and colleagues [1] to optical detec-
tion of a resonant force acting on a mechanical oscillator
and find limitations of the method.
The sensitivity of the continuous measurement of a
mechanical coordinate is restricted by so called standard
quantum limit (SQL) appearing due to the quantum back
action [11, 13]. Increase of the power of the optical pump
allows improving the sensitivity associated with the op-
tical shot noise because of increase of the signal-to-noise
ratio of the measurements. The quantum back action re-
sults from the disturbance of the coordinate due to fluctu-
ations of the light pressure coming from the fluctuations
of photon number in the optical cavity. Because of this
process the sensitivity of the coordinate measurement im-
proves up to a point with the optical power increase and
than drops. There exists an optimal power value that re-
sults in the maximum measurement sensitivity in this
case. The SQL was studied in various configurations
ranging from macroscopic kilometer-sized gravitational
wave detectors [12] to microcavities [14, 15].
Detection of a classical force acting on a suspended
test mass is an example of a coordinate measurement
and, hence, there exist an SQL of the force detection. In
this case, though, one measures not the absolute coordi-
nate of the mass, but its modification due to the force
action. If the envelope of the force of interest is known,
the impact of the initial uncertainty of the coordinate and
momentum of the probe mass on the measurement sen-
sitivity can be suppressed [10, 11]. The SQL of the force
measurements can be avoided with several approaches in-
cluding stroboscopic position measurement [16], mechan-
ical quadrature measurement [17], variational measure-
ment [12, 18, 19], opto-mechanical velocity measurement
[20–22], and measurements performed in opto-mechanical
systems with ponderomotive rigidity [23, 24].
In this paper we introduce a measurement technique
suitable for the detection of a resonant force. We show
theoretically a possibility of surpassing the SQL in a clas-
sical force measurement involving a Fabry-Perot (FP)
cavity with the end mirror represented by a suspended
test mass of mechanical oscillator. The force of interest
acting on the test mass is nearly resonant with the me-
chanical oscillator. The optical cavity is pumped with
light consisting of two frequency harmonics equally de-
tuned from the resonance frequency of a cavity mode to
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2blue and red, as illustrated in Fig. 1.
It was shown by Braginsky, Vorontsov, and Thorne
that a modulated RF pump can be used to perform a
QND measurement of a quadrature component of a me-
chanical system that can be utilized for a classical force
detection [1]. The idea was expanded to the optical do-
main and possibility of a QND measurement of a quadra-
ture component of a mechanical degree of freedom in an
opto-mechanical system was confirmed [25] and further
applied to conditional squeezing [26, 27].
We here extend the idea and show that the QND is ap-
plicable for the classical force detection. Similarly to the
previous works we have found that the quantum back ac-
tion can be completely avoided when i) the power values
of the harmonics are identical and ii) one observes the
optical harmonics in the vicinity of the resonance of the
optical cavity mode. The red detuned pump introduces
positive damping and can be used for cooling the mechan-
ical oscillator, while the blue-detuned pump results in the
gain and may lead to instability of the system and opto-
mechanical oscillations [2, 3]. The damping compensates
the gain, so the system remains stable up to a point. It
was proposed to use a monochromatic optical local os-
cillator to measure the mechanical quadrature amplitude
[25]. We propose to use a dichromatic local oscillator in
the measurement. This is more natural as we can utilize
the phase shifted pump light to perform such a measure-
ment. This technique can be called as a synodyne (in
sense [28]) QND measurement.
We study the limitation of the QND technique and
find that the stability range of the opto-mechanical sys-
tem is compromised due to its salient nonlinear proper-
ties. The nonlinearity comes not because of an avoidable
nonlinearity of the mechanical system itself, but from the
opto-mechanical interaction [29]. We found that it limits
the dynamic stability of both the QND measurement of
quadrature discussed in [25] and the sensitivity of force
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Figure 1: The Fabry-Perot (FP) optical cavity with sus-
pended back mirror is pumped by light consisting of two fre-
quency harmonics. The carrier frequencies of the light are
tuned symmetrically with respect to the eigen frequency ω0
of the optical mode of interest: the red detuned carrier with
frequency ω− = ω0−ωm and blue detuned carrier (frequency
ω+ = ω0 + ωm). Output wave is detected by balanced homo-
dyne detector with local oscillator taken from pump delayed
by angle θ.
measurement, proposed in this paper. The system starts
oscillating at some power threshold. Up to our knowl-
edge, this type of an opto-mechanical instability was not
discussed previously.
II. LINEAR ANALYSIS OF THE FORCE
DETECTOR
Let us consider an interferometric displacement trans-
ducer consisting of a Fabry-Perot (FP) cavity of length
L and an ideal movable end mirror suspended on a single
dimension mechanical oscillator (as shown in Fig. 1). A
cavity mode characterized with eigen frequency ω0 and
relaxation rate γ (half width at the half maximum) re-
sulting from the partially transparent front mirror is in-
terrogated with a bichromatic coherent optical pump.
The expectation value of the amplitude of the optical
pump is presented in form
A(t) = A+e−i(ω0+ωm)t +A−e−i(ω0−ωm)t, (2.1)
where A+ (A−) is complex amplitude of pump detuned
to blue (red) side from resonance frequency of cavity,
see also (2.6) for introduction of the amplitude in the
quantum case.
The mirror is characterized with coordinate
x(t) = xz
(
bˆ† + bˆ
)
, xz ≡
√
}
2mωm
(2.2)
where bˆ†, bˆ are the creation and annihilation operators,
xz is the amplitude of zero-point mechanical fluctuations,
m is the mass, ωm is the mechanical eigenfrequency, γm
is the mechanical relaxation rate. The resonant classi-
cal force of interest, F (t) = Fs(t) cosωmt, acts upon the
mirror, where Fs is a slow amplitude of the force.
A. Major equations
We assume that resolved side band conditions
ωm  γ  γm (2.3)
are valid and utilize Hamiltonian
H = ~ω0
(
1− x
L
)
dˆ†i dˆi +Hγ + }ωmbˆ
†bˆ+ (2.4a)
+Hγm − F (t)xz
(
bˆ+ bˆ†
)
, (2.4b)
Hγ = i~
√
2γ
[
dˆ†i αˆin − αˆ†indˆi
]
+Hγ bath, (2.4c)
Hγm = i~
√
2γm
[
bˆ†βˆth − bˆβˆ†th
]
+Hγm bath, (2.4d)
where dˆi and dˆ
†
i are annihilation and creation operators
describing the intracavity optical field, αˆin is an operator
of the external field, last term in (2.4b) describes action
of the signal force, Hγ describes attenuation of the pump
3photons and associated quantum noise, Hγm stands for
the dissipation in the mechanical oscillator due to inter-
action with the thermal bath, Hγ bath, Hγm bath represent
Hamiltonians of thermal bathes (optical and mechanical,
correspondingly) [2, 3], see also details of the Hamilto-
nian approach in [30, 31].
From (2.4) we obtain equations of motion
∂tdˆi +
γ + iω0
1− xz
[
bˆ+ bˆ†
]
L
dˆi = (2.5a)
=
√
2γαˆin,
∂tbˆ+ (γm + iωm)bˆ− iω0xz
L
dˆ†i dˆi = (2.5b)
=
√
2γmβˆth+
iFse
−iωmt
2
√
2}mωm
,
which should be supplied by equation for output ampli-
tude αˆout
αˆout = −αˆin +
√
2γdˆi . (2.5c)
The field of opto-mechanics has established certain
conventions over the last decade (see [3] for details). Our
notations, primarily belonging to the analysis of optical
force detectors [12], have direct relations with those. For
example, half width at the half maximum γ for the op-
tical cavity is usually denoted as κ/2 in opto-mechanics
literature; the opto-mechanical coupling strength is usu-
ally expressed in frequency terms, i.e. g = xzω0/L.
The model (2.5) is similar but not equivalent to the adi-
abatic treatment of conservative cavity with slow mirror
movement discussed in [30] in case of zero relaxation rate
of cavity (γ = 0). It is necessary to take into account not
only the displacement of the mirror but also its velocity
(not accounted in (2.5a)) for the precise consideration of
adiabatic treatment in spirit of [30].
The operators of the input, αˆin, and the output, αˆput,
fields are presented as a sum of expectation, A(t), and
fluctuation, a, parts:
αˆin = A(t) + e−iω0t
∫ ∞
−ω0
ain(Ω) e
−iΩt dΩ
2pi
, (2.6)
αˆout = Aout(t) +
∫ ∞
−ω0
aout(Ω) e
−iΩt dΩ
2pi
, (2.7)
βˆth = e
−iωmt
∫ ∞
−ωm
bth(Ω)e
−iΩt dΩ
2pi
(2.8)
where ain(Ω) describe vacuum fluctuations of light and
obey to relationship for the commutators and correlators:[
ain(Ω), a
†
in(Ω
′)
]
= 2pi δ(Ω− Ω′), (2.9)
〈ain(Ω)a†in(Ω′)〉 = 2pi δ(Ω− Ω′). (2.10)
The operator of the thermal bath bth obeys to the rules[
bth(Ω), b
†
th(Ω
′)
]
= 2pi δ(Ω− Ω′), (2.11)
〈b†th(Ω)bth(Ω′)〉 = 2pi nT δ(Ω− Ω′), (2.12)
nT is the number of the thermal quanta. The operators
bˆ as well as dˆi are presented in a similar way
bˆ(t) = e−iωmt
∫ ∞
−ωm
b(Ω) e−iΩt
dΩ
2pi
, (2.13)
dˆi(t) = D(t) + e−iω0t
∫ ∞
−ω0
di(Ω) e
−iΩt dΩ
2pi
, (2.14)
D(t) = D+e−i(ω0+ωm)t +D−e−i(ω0−ωm)t, (2.15)
D± =
√
2γ
γ ∓ iωm A±, (2.16)
where D± are the mean amplitudes of the light circulat-
ing in the FP cavity at the pump frequencies.
It worth noting that we used the following rules to
indicate the Fourier amplitudes through the manuscript.
For all the operators in the paper the Fourier transform is
denoted by dropping the hat and using the corresponding
English alphabet letter. For instance,
b = b(Ω), b†− = b
†(−Ω), (2.17)
The notations for the other variables are defined in a
similar way.
The notations (2.17) and commutation relations (2.9,
2.11) are selected to be as in [12] which differ from ones
used in [3]. As the result, in the opto-mechanic ap-
proach [3] the Fourier-amplitudes a(Ω) =
∫
dt eiΩta(t)
coincides with our expression [12], whereas a†(Ω) is de-
fined as a†(Ω) =
∫
dt eiΩta†(t), which is different from
our definition a†(Ω) =
∫
dt e−iΩta†(t).
Our convention leads to correlators of the form
[a(Ω), a†(Ω′) = 2piδ(Ω − Ω′), while the ”optomechanics
convention” leads to [a(Ω), a†(Ω′) = 2piδ(Ω + Ω′). The
”optomechanics convention” requires to keep in mind
that complex conjugation a†(Ω) of the modes equation
comes with a sign change for the frequency: a†(Ω) =
(a(−Ω))†, while our description calls for a†(Ω) = (a(Ω))†.
It is easy to check that independently of the selected con-
vention the result of the calculations does not change.
Linearising the set (2.5) in the vicinity of the steady
state solution we rewrite it for Fourier transforms
[γ − iΩ] di =
√
2γaˆin +
iω0xz
L
[
D−b+D+b
†
−
]
,
(2.18a)
(γm − iΩ) b = iω0xz
L
[
D∗−di +D+d
†
i−
]
+ (2.18b)
+
√
2γmbth + fs,
fs ≡ iFs(Ω)
2
√
2}mωm
, (2.18c)
aout = −ain +
√
2γdi . (2.18d)
where Fs(Ω) is the Fourier Transform of slow amplitude
Fs(t) of the resonance signal force.
4B. Solution
To explain the proposed measurement technique we
first consider an ideal case of the light harmonics equally
detuned from the optical mode of interest with the detun-
ing value equal to the mechanical frequency, see (2.15).
Substituting (2.18a) into (2.18d) we get for the fluctua-
tion amplitude of the output light aout
aout =
γ + iΩ
γ − iΩ ain +
iω0xz
√
2γ
[
D−b+D+b
†
−
]
L(γ − iΩ) . (2.19)
The operators describing the mechanical oscillator can
be presented in form
b =
√
2γm bth + fs
γm + Γ− iΩ + (2.20a)
+
iω0xz
√
2γ
(
D∗−ain +D+a
†
in–
)
L(γ − iΩ)(γm + Γ− iΩ) , (2.20b)
Γ =
(ω0xz)
2
L2(γ − iΩ)
[|D−|2 − |D+|2] . (2.20c)
Γ is the opto-mechanical damping parameter (dynamic
back action). The term (2.20b) describes fluctuations
due to the quantum back action.
Substituting (2.20) into (2.19) we obtain
aout = e
2iη · γm − Γ
∗ − iΩ
γm + Γ− iΩ · ain+ (2.21a)
+
i
√
2Geiη
(γm + Γ− iΩ)
[√
2γm dth +
D−fs +D+f∗s−√|D+|2 + |D−|2
]
,
G ≡ (ω0xz)
2γ
[|D+|2 + |D−|2]
L2 (γ2 + Ω2)
, (2.21b)
dth ≡ D−bth +D+b
†
th–√|D+|2 + |D−|2 , e2iη ≡ γ + iΩγ − iΩ . (2.21c)
The term (2.21a) describes the optical shot noise and dth
stands for the thermal noise of the mechanical oscillator
upconverted to the optical domain, in last signal term we
should take in mind that fs(Ω) = −f∗s (−Ω) in accordance
with definition (2.18c) and since Fs(t) is a real. As can
be verified by direct calculations, complex amplitude a†in–
is absent in (2.21a) (for details see Appendix A).
Let us discuss the difference between the force de-
tection techniques that involve either a monochromatic
probe light (conventional one) or the dichromatic light
(considered in this paper). In the first case the state
of the light leaving the system, aout, is distorted by the
interaction with the mechanical degree of freedom. The
light becomes squeezed. The degree of squeezing depends
on the optical power and on the spectral frequency. A
variational technique is needed for an accurate detection
of the mechanical force using aout. In the second case,
the output light is in the coherent state for the symmet-
ric pump |D+| = |D−| (as well as |A+| = |A−|). Both
the fluctuational, (2.20b) and dynamic, (2.20c) terms do
not contribute to the quantum state of the output field.
There is no power dependence of aout (in the case of zero
mechanical attenuation, γm = 0). The fluctuation of the
output light at the resonant optical frequency does not
depend on the light induced fluctuations of the coordi-
nate as well as momentum of the movable mirror. This
is ideal for the force detection and is one of the major
finding of present study.
We measure not the coordinate of the mechanical os-
cillator, but its quadrature. The phases associated with
the light amplitude D± (let’s label them ϕ±, so that
D± = |D±|eiϕ±) are crucial for the presented setup.
The relative phase ϕr = (ϕ+ − ϕ−)/2 of D+ and D−
defines which particular mechanical quadrature is mea-
sured. One can select phases of D+ and D− so that com-
bination C = D−fs +D+f∗s− in (2.21a) is zero. It corre-
sponds to the case when we measure mechanical quadra-
ture which is not excited by signal force. In contrast, if
the phases are selected so that combination |C| reaches
maximal possible value, we measure exactly the quadra-
ture excited by the signal force. It is this idea of QND
measurement of the mechanical quadrature was proposed
in [1].
C. Detection
In what follows we discuss the detection procedure of
the force using the output light. The direct amplitude
measurement does not provide any information on the
mechanical degree of freedom. An optimized process-
ing of the output light is needed to retrieve the informa-
tion. For instance, synodyne detection technique can be
utilized. The technique involves the bichromatic optical
pump as the LO. The LO is phase shifted (delayed) by
an angle θ as shown on Fig. 1 (compare with (2.1)):
A(t) = e−iθ
(
A+e
−i(ω0+ωm)t +A−e−i(ω0−ωm)t
)
(2.22)
The LO is mixed with the output light and is detected
using the balanced homodyne scheme. The differential
current I− is proportional to
I− ∼ A(t)a†out(t)eiω0t +A∗(t)aout(t)e−iω0t (2.23)
In the case of symmetric pumps |A+| = |A−| the current
amplitude can be presented in form
I− ∼ cos(ωmt+ φr)
[
eiθaout(t) + e
−iθa†out(t)
]
, (2.24)
where φr (different from ϕr) is the relative phase of the
pump light harmonics A±. See details in Appendix B.
Presenting the differential current as a sum of the sig-
nal, Is, and noise, SI , parts, where the last one is char-
acterized with the single-sided spectral density SI , we
derive expressions
Is(Ω) =
√
2Geiη sin(θ − φr)
γm − i(Ω− ωm) fφ, (2.25)
5fφ ≡ ei(β−φr)f∗s (ωm − Ω) + e−i(β−φr)fs(Ω− ωm),
e2iβ ≡ γ + iωm
γ − iωm , (2.26)
SI(Ω) = 2 +
4Gγm (2nth + 1) sin
2(θ − φr)
γ2m + (Ω− ωm)2
, (2.27)
where the correlators and commutators (2.9, 2.11) for ain
and bth were utilized.
We can tune the measured quadrature fφ of the signal
force varying phase φr. The first term in Eq. (2.27) re-
sults from the optical shot noise. This term is doubled
if compared with the case of the force measurement us-
ing the single pump harmonic because of the sidebands
at frequencies ωm ± Ω. The second term describes the
thermal fluctuations of the mechanical oscillator. The
spectral density of the current is constant in the case of
zero mechanical loss (γm = 0) indicating absence of the
back action quantum noise. As we have mentioned, Is(Ω)
does not carry any information about the mechanical de-
gree of freedom for θ − φr = 0, which corresponds to
amplitude detection.
It is convenient to rewrite Eqs. (2.25, 2.27) as spectral
density Sf of normalized force f:
Sf(Ω) =
γ2m + (ωm − Ω)2
G sin2(θ − φr)
+ 2γm (2nth + 1) . (2.28)
The sensitivity of the measurement is limited by the sec-
ond term originating from the thermal fluctuations of the
mechanical oscillator. The first term describes measure-
ment error due to the optical shot noise and decreases
as the pump power increases. The minimal detectable
amplitude Fs of resonance force with duration tF can be
much smaller than the SQL of the force measurement
FSQL = 2
√
}mωm/tF [11, 13].
Indeed, for the case of the vanishing mechanical losses
(γm → 0) and optimized delay phase θ (sin(θ − φr) = 1)
we integrate spectral density (2.28) inside bandwidth
∆Ω ' 2pi/tF around frequency ωm to obtain the mea-
surement sensitivity of Fs∣∣∣∣ Fs√2}mωm
∣∣∣∣2 > ∫
∆Ω
Sf(Ω)
dΩ
2pi
, ⇒ Fs > pi
√
2√
3GtF
· FSQL,
(2.29)
We see that the detectable force is smaller than FSQL at
large enough pump power GtF  1.
Let us compare the measurement strategy proposed
in this paper with the conventional variational measure-
ment strategy [12, 18, 19]. The back action avoiding is
feasible in the conventional variational scheme only in a
narrow spectral frequency band specific for a properly se-
lected quadrature amplitude. In contrast, proposed here
measurement technique is not hindered by back action.
Since the symmetric dichromatic pumping is essential
for the back action evading we call the described here
technique as a synodyne variational measurement. The
complete subtraction of back action occurs because the
susceptibility χ of the mechanical system is imaginary
at the resonance, χ(−ωm) = −χ(ωm). Recall, the same
property is used in the synodyne detection [28].
The dichromatic pump is essential for the measure-
ments while a variety of local oscillators can be used to
retrieve the useful information from the light leaving the
system. A monochromatic local oscillator can be used
instead of the dichromatic one. There is no need in a
special preparation of the local oscillator to achieve back
action evading measurement, as was done in the varia-
tional measurement. This fact significantly simplifies the
measurement procedure.
Mechanical loss destroys the back action avoiding bal-
ance. The amplified fluctuations of the mechanical ther-
mal bath, penetrating the system due to presence of finite
mechanical attenuation, upconverted into the optical do-
main behave as standard optical back action terms. They
increase with the optical power. This type of unconven-
tional back action confirms the parametric nature of the
process. In contrast, in the case of the conventional co-
ordinate measurement the back action results in the ex-
citation of the mechanical coordinate by light that leads
to the dependence of the phase of the output light on the
amplitude of the input light. The thermal mechanical
fluctuations are not amplified in this case.
III. CORRECTIONS DUE TO ASYMMETRIC
PUMP
We have considered the completely symmetric opto-
mechanical system. Let us analyze briefly more realistic
situations in what follows. In the case of asymmetric but
resonant pump |D−| 6= |D+| the back action terms do not
disappear and the system may become unstable. It also
may become unstable if the center of the optical doublet
is shifted with respect of the optical mode. In the case of
nonresonant pump, δ = ω+−ω0−ωm = ω0−ω−−ωm 6= 0
(where ω± are the frequencies of the pump harmonics),
the system is stable and dynamic back action is still zero,
however, the fluctuation back action may be incompletely
compensated.
In general, all these asymmetry effects are of techni-
cal nature and can be prevented using classical feedback
keeping the system in the stable symmetric state. There
exist another effect that cannot be prevented. We studied
the resolved sidebands case and neglected the contribu-
tion of the high order optical harmonics generated in the
system by the mirror vibrating at the doubled mechani-
cal frequency 2ωm. The first two harmonics of this type
are detuned from the resonance frequency ω0 by approx-
imately ±2ωm. Taking them into account results in the
following modification of Eq. (2.28) (see details in Ap-
pendix C):
Sf(Ω) =
γ2m + (ωm − Ω)2
G sin2(θ − φr)
+ 2γm (2nth + 1) +
6G
ω2m
(
γ2 + (Ω− ωm)2
)
, (3.1)
where the last term represents the residual quantum back
action noise.
Presence of the noise limits the force measurement sen-
sitivity. Indeed, for the case of γm = 0, sin(θ − φr) = 1,
and γtF  1 we find
Fs >
√
2pi γ√
3ωm
· FSQL, (3.2)
which is achieved at the optimal pump power
Gopt ' ωm
γtF
(3.3)
The detectable force Fs can be much less than the SQL
since γ  ωm.
IV. DYNAMIC STABILITY ANALYSIS
We truncated non-resonance terms in the considered
Hamiltonian (2.4) and initial equations (2.5). Let us fo-
cus at the regular pondermotive force proportional to ∼
DD∗ in (2.5b). It contains a constant term, which can be
compensated in an experiment by an external feedback,
and oscillating terms ∼ D+D∗−e−2iωmt + D∗+D−e2iωmt.
The last ones are non-resonant. However, they increase
with power and may become large, so we have to take its
into account and rewrite (2.13) in form
bˆ(t) = B(t) + e−iωmt
∫ ∞
−ωm
b(Ω) e−iΩt
dΩ
2pi
, (4.1)
B(t) = ω0xz
3ωmL
(
D+D
∗
−e
−2iωmt +D+D∗−e
2iωmt
)
(4.2)
After substitution terms B(t), B∗(t) into (2.5a) one can
find nonlinear modifications to the regular amplitudes, so
instead of D± (2.16) we get new amplitudes D˜± defined
as
D˜+ = D+
(
1 +
4ω0x
2
z
3ωmL2
|D−|2
)
, (4.3)
D˜− = D−
(
1− 4ω0x
2
z
3ωmL2
|D+|2
)
(4.4)
It is easy to see that amplitude D˜+ slightly increases
whereas D˜− decreases. This is the origin of additional
negative damping γaddm introduced into equations for am-
plitudes b, b† of mechanical oscillator even for the case
of pure symmetric pump (|A+| = |A−|). We obtain
b˙+
(
γm − γaddm
)
b = 0, (4.5)
γaddm =
G2γ
3ω2m
. (4.6)
This negative damping increases non-linearly with in-
crease of pump G so that the system may become un-
stable at a certain pump power. It is especially im-
portant for the ideal case when γm is small. In this
case γaddm ≈ (γt2F )−1 (see Eq. 3.3). This number can
be significant as compare with γm. For instance, if
tF = 100/γ, γm = 10
−4γ, and ωm = 10γ, this condi-
tion is certainly fulfilled. For example, for parameters
G ' 2 · 105 s−1, γ ' 106 s−1, ωm ' 3 · 107 s−1, used in
[27], we obtain γaddm ' 13 s−1 which is comparable with
γm ' 24 s−1 observed in experiment.
The negative damping occurs because the dichromatic
optical pump excites the mechanical harmonic x±2 at
the frequency separation of the pump harmonics 2ωm.
These off-resonant mechanical oscillation at the doubled
mechanical frequency modulates the eigen frequency of
the FP cavity, which in turn changes the effective ampli-
tudes D± of the pump in the cavity. A detailed analysis
shows that amplitude D− effectively decreases, while D+
– increases. The balance between the positive mechanical
damping introduced by D− and negative one produced
by D+ becomes compromised. It is the reason why neg-
ative damping γaddm ∼ |D+|2 − |D−|2 appears.
It is possible to suppress negative damping γaddm sim-
ply by reducing the ponderomotively forced second me-
chanical harmonics x±2. Application to the mirror of a
classical periodic force that has the same magnitude as
the ponderomotive one and phase shifted by pi would sup-
press the oscillation and removes the instability. Another
way of removal of the instability is an introduction of a
controlled imbalance (i.e. |A−| slightly larger than |A+|)
that results in a residual ponderomotive attenuation.
Therefore, the instability is not a fundamental limita-
tion of the measurement technique. On the other hand,
the importance of the negative damping we found goes
beyond the force measurement problem, as we found that
the opto-mechanical system may become unstable even
though the opto-mechanical gain is compensated by the
opto-mechanical loss. This is a novel type of an opto-
mechanical oscillator that worth an additional study.
V. CONCLUSION
We have shown that a back action avoiding measure-
ment of a classical resonant force acting on a movable
mirror being a part of a Fabry-Perot optical cavity can be
realized by involvement of a dichromatic probe light. The
probe harmonics have the same power and are detuned by
the same absolute frequency from the optical resonance
in a way that the dynamic back action completely cancels
for the optical resonant spectral frequencies. While the
system becomes dynamically unstable even in the abso-
lutely symmetric case, the instability can be suppressed
by usage of a classical force compensating for the clas-
sical ponderomotive force impinged by the optical pump
on the movable mirror of the cavity. The signal at these
frequencies can be detected by means of a dichromatic
7homodyne (synodyne) detection. The method is advan-
tageous for advanced metrology experiments, involving
mechanical force resonant with the suspended mirror.
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Appendix A: Back action evading at the output
Here we provides detailed derivation of (2.21a) to ex-
plain why back action is absent. First we write down
combination B =
[
D−b+D+b
†
−
]
in (2.19) using (2.20)
and keeping only back action terms (2.20b):
Bba =
2kx0
√
γ/τ
[|D+|2 − |D−|2]ain
i(γ − iΩ)(γm + Γ− iΩ) + (A1)
+
2kx0
√
γ/τ
[
D+D− −D−D+
]
a†in–
i(γ − iΩ)(γm + Γ− iΩ) (A2)
Underline, term ∼ a†in– is absent here. After substitution
into (2.19) we have (keeping only back action terms):
aout|ba = γ + iΩ
γ − iΩ · ain+ (A3)
+
(
2kx0
)2
γ
[|D+|2 − |D−|2]
τ
(
γ − iΩ)2(γm + Γ− iΩ) · ain (A4)
Here first term describes shot noise, second one — back
action. Finally, using definition (2.20c) one can compact
these terms in form (2.21a) (term ∼ a†in– is absent) .
Appendix B: Synodyne detection
Here we consider in detail formulas in Sec. II C. The
LO is mixed with the output light and detected using the
balanced homodyne scheme, so differential current I− is
equal to
I− = K
(
A(t)a†out(t)eiω0t +A∗(t)aout(t)e−iω0t
)
=
(B1)
= K
[
a†out(t)e
−iθ (A+e−iωmt +A−eiωmt)+ (B2)
+ aout(t)e
iθ
(
A∗+e
iωmt +A∗−e
−iωmt)] (B3)
Where K is a constant. For symmetric pump
|A+| = |A−| we obtain, introducing phases A+ =
|A+|eiφ+ , A− = |A−|eiφ− and putting K = 1/(
√
2|A+|):
I− =
√
2 cos(ωmt+ φr)× (B4)
×
[
e−iθ+iφsa†out(t) + e
iθ−iφsaout(t)
]
,
φs =
φ− + φ+
2
, φr =
φ− − φ+
2
(B5)
Below we put sum phase to zero, φs = 0. We can rewrite
(B4) in spectral domain:
I−(Ω) =
eiθ√
2
{
aout(Ω + ωm)e
iφr + aout(Ω− ωm)e−iφr
}
+
(B6)
+
e−iθ√
2
{
a†out(−Ω + ωm)eiφr + a†out(−Ω− ωm)e−iφr
}
.
We see that signal bandwidths are around frequencies
±ωm. Substituting (2.21a) into (B4) we get signal part
(2.25) of differential current at frequencies Ω ' ωm. Cal-
culating single-sided density SI (2.27), which is propor-
tional to symmetrized product
[
I(Ω)I†(Ω) + I†(Ω)I(Ω)
]
,
we have to account additional contribution of vacuum
optical fluctuations detuned from cavity resonance by
±2ωm – that is why first term (2) appears. The sec-
ond term in (2.27) is originated by terms proportional to
dth in (2.21a).
Appendix C: To derivation of (3.1)
We have to account in ponderomotive force the terms
containing non-resonance terms, i.e. we have to ac-
count in (2.18b) additional regular but non-resonance
term xadd(t) in right part:
badd(γm − iΩ) = iω0xz
L
[
D∗+d2ωm +D−d
†
−2ωm
]
, (C1)
d2ωm ≡ di(2ωm + Ω), d†−2ωm ≡ d†i (−2ωm − Ω) (C2)
optical components d2ωm , d
†
−2ωm are out of resonance
and for them we have good approximation:
d2ωm '
√
2γ a2ωm
−2iωm , d
†
2ωm
'
√
2γ a†2ωm
2iωm
, (C3)
a2ωm ≡ ain(2ωm + Ω), a†−2ωm ≡ a†in(−2ωm − Ω). (C4)
Then we have to calculate combination (D−badd +
D+b
†
add−) and substitute as additional term into (2.19)
aaddout ' −
ω0xz
ωmL
· γ
(γ − iΩ)(γm − iΩ)× (C5)
×
{
D−
[
D∗+a2ωm +D−a
†
−2ωm
]
+ (C6)
+D+
[
D+a
†
2ωm− +D
∗
−a−2ωm−
]}
, (C7)
8a−2ωm− ≡ a(−2ωm + Ω), a†2ωm− = a†(−2ωm + Ω).
Now substituting aaddout into (B6) one can calculate ad-
ditional term in formula (2.27) for spectral density SI
which can be recalculated into last term of Sf in (3.1).
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